MTH 166

Lecture-26

Gradient of a Scalar Field




Topic:
Vector Differential Calculus

L_earning Outcomes:

1. To find gradient of a scalar field
2. To find normal and unit normal vector to a surface

3. To find angle between two surfaces



Gradient of a scalar field

Let us consider the following vector operator called as Del defined as:

Let f(x,y,z) be ascalar field.(Not a vector quantity)

Then, gradient of a scalar field f (x, y, z) Is defined as:

grad(f) = f =( +g ok )f



Compute the Gradient of the scalar function and evaluate it at the indicated point.
Problem 1. x3 —3x%y?+y3at(1,2)
Solution. Let f = x3 — 3x2%y?% + y3
= f, =3x*—6xy* and f, = —6x’y + 3y°
Gradient of f Is given by:
grad(f) = Vf = (£l + f])
= (3x% — 6xy?)l + (—6x2%y + 3y?)j
At (1,2): Vf = 3(1)* = 6(1)(2)M)i + (—6(1)*(2) + 3(2)»)]

= —241  Answer.



Problem 2. log(x +y+ z) at (1,2.—1)
Solution. Let f =log(x +y + 2)

1
= fy :fy =f; = (x+y+2)

Gradient of f iIs given by:

grad(f) = Vf = (fl + f,j + fk)




Geometrical interpretation of Gradient

Geometrically, Gradient of a scalar field represents vector normal to the surface.

Normal Vector 7 = grad(f) = Vf

Unit normal n =

§¢|=l

grad(f) _ Vf
lgrad(f)l  |Vf]

n =




Find the normal vector and unit normal vector to the given curve/surface at the
Indicated point:

Problem 1. y?% = 16x at (4,8)

Solution. Let f = 16x — y?

= fr=16 and f, =-2y
Gradient of f Is given by:
grad(f) = Vf = (£l + f])
= (16)I + (—2y)j
At (4,8): Vf = (16)i + (— 2(8))j
= 161 — 16



Normal Vector # = Vf = 161 — 16§

- A n V
Unit normal vector f = — = L
wl |V
A 16’\_1 7
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Problem 2. x? + y%?+2z%=4 at(1,1,1)
Solution. Let f = x* 4+ y*+2z% — 4
=>fr=2x and f,=2y and f,=2z
Gradient of f Is given by:
grad(f) = Vf = (£l + £, + f;k)
= (2x)i+ 2y)] +(22)k
At (1,1,1): Vf = 20 + 2j + 2k
Normal Vector 7 = Vf = 2i + 2j + 2k

- A n V) 2 A+A+I}
Unit normal vector # = — = L — (+]+k)
il |Vf 2V3

_ (i+j+k)

73 Answer.




Angle between two Surfaces

Angle between two surfaces f and g is same as the angle between their normal.
Let n; be normal to surface f and 7, be normal to surface g.

n; = Vf and 7, = Vg

Then. Angle between surfaces f and g Is given by:

cos 8 = [ny.75]

:»cosé?:[E.E
|7'l1| |7'l1|
. [VF ¥V
= 0 = cos 1[_>f.;g
Vr| " Vg




Problem. Find the angle between two given surfaces at the indicated point of
intersection: z = x% + y?%, z = 2x% — 3y* at (2,1,5).
Solution. Let f = x% + y% — z
=>fx=2x and f,=2y and f,=-1
Gradient of f Is given by:
grad(f) = Vf = (fl + f,j + fk)
= (201 + 2y)j +(-Dk
At (2,1,5): Vf =41+ 2] —k

Normal Vector 7; = Vf = 41+ 2j — k



z = 2x% —3y? at (2,1,5).
Again, Let g = 2x% — 3y% — z
= g, =4x and gy = —6y and g, = —1
Gradient of g Is given by:
grad(g) = Vg = (gxi + gyJ + g,k)
= (4x)1 + (—6y)j +(=Dk
At (2,1,5): Vg =8i—6j—k
Normal Vector 7, = Vg = 8i — 6] — k
We know, the angle between two surfaces f and g Is same as the angle between

their normal.



Then. Angle between surfaces f and g is given by:

nq
cos@ = [n;.71, = cosf = 1
7.7, |n1| |y
4| VFr V¥
= 0 = cos 1[_>f._:g
Vr| " vy
1 [(41+2j-k) (8i-6j-k)
= 0 = cos T Jiol
= 0 = cos™! -(32_12“)] = cos™1 [
- | V21410 \/_\/10

_ 21
= 0 = cos™ 1 [ /—] Answer.
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